We show that for a quasicompact quasiseparated scheme X, the following assertions are equivalent: (1) the category QCoh(X) of all quasicoherent sheaves on X has a flat generator; (2) the scheme X is semiseparated.
Let X be a scheme. It is well-known that unless the scheme is affine, the category QCoh(X) of all quasicoherent sheaves on X does not usually have enough projective objects. In fact, a quasiprojective scheme over a field is affine if and only if QCoh(X) has enough projective objects, [5, Theorem 1.1] , and a direct proof that QCoh(X) has no non-zero projective objects if X is the projective line over a field can be found in [2, Corollary 2.3] .
Such an issue is often fixed using some flat objects; recall that a quasicoherent sheaf M is called flat if for any open affine set U ⊆ X, the O X (U )-module M(U ) is flat. Murfet in his thesis [6] showed that for X quasicompact and semiseparated, every quasicoherent sheaf is a quotient of a flat one. A short proof of this fact, attributed to Neeman, can be found in [3, Appendix A], which was (under the same assumptions) later improved by Positselski [7, Lemma 4.1.1] by showing that so-called very flat sheaves are sufficient for this job. These results can be rephrased that the category QCoh(X) has a flat generator.
It was hoped for a long time that the existence of a flat generator can be extended at least to the case of quasicompact quasiseparated schemes, which encompass a considerably wider class of "natural" examples arising in algebraic geometry, while being an assumption rather pleasant to work with. However, our results show that for quasiseparated schemes, semiseparatedness is in fact necessary for the existence of enough flat quasicoherent sheaves.
Recall that a scheme is called semiseparated if the intersection of any two open affine sets is affine; this differs from the original definition from [8] , but is shown to be equivalent in [1] .
Let M be a quasicoherent sheaf on an affine scheme X. If U is an open affine subset of X then it is a part of the very definition of a quasicoherent sheaf on X that the map
If U is not affine, this may not be the case. However, more can be said for flat sheaves:
Lemma 0.1. Let U be a quasicompact open subset of an affine scheme X and F a flat quasicoherent sheaf on X. Then
where the isomorphism is obtained by tensoring the restriction map
Proof. We may assume that X = Spec R. The assertion is clearly true for the structure sheaf and all its finite direct sums (i.e. all finite rank free R-modules).
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Since U is a quasicompact open subset of an affine scheme, it is also quasiseparated and the functor of sections over U commutes with direct limits [9, 009F] . By the Govorov-Lazard Theorem [9, 058G], any flat R-module is the direct limit of finite rank finite rank free modules, and since tensor product commutes with colimits, the desired property holds for all flat modules.
Theorem 0.2. Let X be a quasicompact quasiseparated scheme, which is not semiseparated. Then there is quasicoherent sheaf I, which is not a quotient of a flat quasicoherent sheaf.
Proof. Let U , V be two open affine subsets of X such that the intersection W = U ∩V is not affine. Since X is quasiseparated, W is quasicompact; therefore, there are sections f 1 , . . . , f n ∈ O X (U ) such that W = U f1 ∪ · · · ∪ U fn , where U f denotes the distinguished open subset of the affine subscheme U where f does not vanish. Denote by I the ideal of O X (U ) generated by f 1 , . . . f n ,Ĩ the corresponding quasicoherent sheaf on the affine scheme U , ι : U → X the inclusion map, and I = ι * (Ĩ) the direct image ofĨ with respect to ι.
First note that I is quasicoherent by [9, 03M9] , as ι is a quasicompact and quasiseparated map. Further, by [4, Chapter II, Exercise 2.17 (b)], the restrictions of f 1 , . . . , f n to W do not generate the unit ideal of the ring O X (W ).
Assume that there is a flat quasicoherent sheaf F and an epimorphism f : F → I. We have a commutative square
with the outer vertical arrows being epis due to U , V being affine and the middle arrow due to the commutativity of the left-hand square. Let us apply the functor − ⊗ O X (U ) O X (W ) (shown simply as − ⊗ O X (W ) in the diagram) to the right-hand square, obtaining
Since 
